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ABSTRACT
We revisit the convex coordinates of the Fermat point of a triangle. We have
already computed these convex coordinates in a general setting. In this note,
we obtain the coordinates in the context of the Steiner problem. Thereafter,
we pursue calculations suggested by the problem.
INTRODUCTION
We came upon a lovely problem in Strang's outstanding calculus text (Strang,
1991 ). The problem, to which the author attaches the name of the great Swiss
geometer J. Steiner, may be stated in the following manner:
Find the point Fon the perimeter or in the interior of A Vi V2 V3 so that the sum of
the distances from F to the three vertices of the triangle has its least possible value.
The problem is to minimize d1 + d 2 + d 3 where d 1, di, d 3 are the distances from F
to Vi, V2, V3, respectively. The geometry of the problem is suggested by Figure 1.
We shall eventually show that the point F for which d 1 + d 2 + d 3 is a minimum is
located in the interior of AVi ViVi in such a way that L ViFV2 = L V2FV3 = L VPi =
120° provided that the largest of the three angles of the triangle (L Vi, L Vi, L Vi) has
a measure less than 120°. If one of these three angles equals or exceeds 120°, then the
point Fis located at the vertex of that angle. We shall confine our discussion and
calculations to triangles in which each angle is less than 120°.
Now let us suppose that three equilateral triangles have been constructed in the
exterior of AVi V2 V3 with each equilateral triangle having its base upon one of the sides
of !:::.V 1V2 V3 as shown in Figure 2. Then the three lines determined by the three
vertices of AVi V2 V3 and the corresponding remote vertex of the opposite equilateral
triangle are concurrent. The point of concurrence is the equiangular point of A Vi V2 V3
and is called the Fermat point. These matters have been demonstrated in elegant
fashion by Posamentier (Posamentier, 1984 ), and we have found the convex
coordinates of this point (Boyd, Lees, and Raychowdhury, 1990).
When each angle of AVi V2 V3 is less than 120°, the Fermat point is also the point
Fwhich minimizes d1+ d 2 + d 3• In this present note, we take advantage of the solution
of the Steiner problem to provide an alternative method for computing the convex
coordinates of the Fermat point.
THE CONVEX COORDINATES
We shall postpone the solution of the Steiner problem until the last section of our
paper and, for the present, assume that we have in hand the distances di, d2, d 3 from
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FIGURE 3. AV1 V2 v; in the Cartesian Plane.
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FIGURE 2. 111e Equiangular Point is the Fennat Point.
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F to Vi, Vi, V3, respectively. These are the distances which minimize d1+ di+ d 3 for
all points of LlVi ViV3 when all angles of LlVi ViVi are less than 120°.
The convex coordinates of a point P in the closed triangular region Vi Vi V3 are
three nonnegative numbers a" «xi, a 3, such that a 1 + ai + a 3 = 1. We say that ai is the
convex coordinate of P with respect to V: for i = 1, 2, 3. The convex coordinates of ~
are ai = 1, aj = 0 for j * i.
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FIGURE 3. f1ViV2 V:i in the Cartesian Plane.

Let us suppose that the plane of ~.V1 V2 V3 is the Cartesian plane and that the
coordinates of V: are (xi, yJ Let us denote the Cartesian coordinates of P by (x, y).
Then the property of convex coordinates which will advance our calculations is that

x = a 1x 1 + a 2 x 2 + a 3 x 3 }

Y=

a1Yi

.

(1)

+ a2Y2 + a3y3

Thus the Cartesian coordinates of P may be regarded as a convex combination of the
Cartesian coordinates of the vertices (Boyd and Raychowdhury, 1987).
Let us choose the Cartesian coordinates of F and Vi to be (0, 0) and (0, d 1),
respectively. Then the Cartesian coordinates of V2 are ( - d2 cos 30°, - d2sin 30°) =
( - d2

e
e

2

12) and the Cartesian coordinates of V3 are (d3 cos 30°, -dJSin 30°)

(d3
3 /2) as shown in figure 3.
Equations 1 and the fact that convex coordinates sum to unity yield three linear
equations for the convex coordinates of the Fermat point F:
=

r

.fi 12, - d
.fi /2, - d

./3

./3

-(d 2
/2)a 2 +(d3
/2)a 3 = 0
d 1a 1 -(d 2 I 2)a 2 - (d 3 I 2)a 3 = O
a 1 +a 2 +a 3

=1

I
.
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Application of Cramer's rule quickly yields

(2)

THE ISOSCELES TRIANGLE
Let us denote the length of the side opposite to V: in ~ViViV3 by Qi, i = 1, 2, 3.
Then let ~Vi V2 V3 be isosceles with e2 = Q3 = e and L Vi< 120°. It should be clear that
LFV2 V3 = LFV3Vi = 30° and that symmetry implies that d 2 and d 3 must have the same
value which we denote by d. Figure 4 indicates the geometry for the isosceles triangle.
We see that e1 = 2 d cos 30° = d

/3 and d = e, I /3 . Applying the law of cosines

to ~V1 V2F, we obtain e2 = d2 + dt - 2d d 1 cos 120°. Therefore,

and

-d + ~d

2

2

4(d -£

-

2

of the three sides as listed.

)

di=--------.
2

We take the positive sign in applying the quadratic formula since d2- e2 < 0 and
d 1 > 0. Substituting d =

e//3 into the last equation, we find that

THE SCAI
It would seem much more natural
known sides rather than with given va
compute d 1 , d 2 , d 3 when ~V 1V 2V 3 i
under the assumption that R1 1= R2 ,

We apply the law of cosines to sub1
Figure 5 to obtain the following equat
Substituting d 1, d2 = d, and d 3 = d into Equation 2 yields the convex coordinates.
As a check upon our work, we let e1 = e2 = e3 = 1. Then the triangle becomes

R~

1
equilateral with d 1 = d2 = d3 = k and a 1 = a 2 = a 3 = - as expected.
v3
3
As a further example, let e1 = 1 and e2 =

Q3 =

2. Then d 1 = (3

Js -1)/ (2 .,/3)

1.6478 and d2 = d3 = 0.5882. It follows from Equation 2 that a 1 :::::: 0.1514,
0.4243 , and a 3

::::::

a2

:::

and

= df ~

£1 = d[£3 = d[-

::::::

0.4243 for Fermat point Fin the triangle defined by the lengths

Equations 3.1, 3.2, and 3.3 possess
in d 1 , d2 , d 3 , are solvable in terms o
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FIGURE 4. .1VJ~~ is Isosceles .

of the three sides as listed.

THE SCALENE TRIANGLE
It would seem much more natural to begin the investigation of a triangle with
known sides rather than with given values of d1 , d2 , d3• We shall now show how to
compute d1 , d2 , d3 when t:,,. V I V 2V 3 is scalene. That is, we begin our computation
under the assumption that f 1 -:t= f 2 , f 1 -:t= f , and f -:t= f .
3

2

3

We apply the law of cosines to subtriangles VFVi, ViFV31 and VP
Figure 5 to obtain the following equations:

and

2

as shown in

Rf= di +di +d2 d3 ,

(3.1)

f~

= d12 +df +d1d3,

(3.2)

f~

= d/

(3.3)

+ di + d1d2 .

Equations 3.1, 3.2, and 3.3 possess pleasing symmetry and, as quadratic equations
in d1 , d2 , d3 , are solvable in terms of square roots when the given sides satisfy the
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Then Equation 3.4 may be written as

A1d1 + A2,
which implies that

We now substitute this expression
straightforward algebraic operations to

Af £~

= (Af + Ai -A2 A3 )di -

We next rewrite Equation 3.3 as

0 = df +d

Vi------------~½
l1

and note that di-£; < 0.

FIGURE 5. The Scalene Triangle.

Then

triangle relations £ 1 < £ 2 + £ 3 , £ 2 < £ 1 + £ 3 , and £ 3 < £ 1 + £ 2 .
Multiplying Equations 3.1, 3.2, and 3.3 by d3 - d2, d 1 - d3, and d 2 - di, respectively,
yields three other equations:

Substitution of this expression for d
equation in the single variable d2:

(Ai2-2A 1A:
P,~(d3 -d2)

= d; -dJ,

(-A12 + 2Ai + 2Ai -2A 1A 2 We simplify this equation by letting

£~(d1 -d3) = df-d;,
and

P = Af - 2A1A 2 + A

£;(d2 -di)= di -df.

2

Q = -A1 + 2Ai + 2.1
and R = 2A{£; - 2Ai Adding these three equations and performing algebraic simplification yield a
fourth equation which we will find useful:

(£; - £;)d1 +

(£3 - f~)d2 + (£~ -£;)d3) = 0

With the substitutions of P, Q, and R i1

(3.4)

For the sake of convenience, we adopt the notation
Squaring both sides of this equation, fc

(4)

and

Application of the quadratic formula ti
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Then Equation 3.4 may be written as

A1d 1 + A 2d 2 + A 3d 3

=0

which implies that

We now substitute this expression for d 3 into Equation 3.1. We then perform
straightforward algebraic operations to obtain

A; f~

= (A; + Af -

A 2 A 3 )df + A[ d[ + (2A 1A 2 d 1 - A1A 3 d 1 )d2

.

(5)

We next rewrite Equation 3.3 as

O=dl +d1d2 +(di-£3)
and note thatdf - £~ < 0 .
Then

-3d;

ly,

J4t3
-d2
d1=~----- .
2
Substitution of this expression for d 1 into Equation 5 yields a most complicated
equation in the single variable d 2 :

(Ai2-2A 1A2 +A1A3 )d2 ~4f~ -3di =

(-Ai2 +2Ai +2A}-2A1A 2 -2A2 A 3 )d; +(2Ai2£3-2Ai£~) .

(6)

We simplify this equation by letting

2A1A2 + A1A3,
Q = -At+ 2Ai + 2Af - 2A1A 2

p=

A12 -

-

)
2A2 A 3 + A 1A 3,

and R = 2Ai2 t ; - 2Ai - 2Aif7 .
a

With the substitutions of P, Q, and R into Equation 6, we obtain

Squaring both sides of this equation, followed by algebraic manipulation, yields
2

2

(3P + Q )di + (2QR - 4£3P 2 )di + R 2
Application of the quadratic formula then yields

= 0.

(7)
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TABLE 1 Five Solutions for d 1, d,, and I

4f~P 2 -2QR±~(2QR-4t;P2 ) 2 -4(3P 2 +Q 2 )R 2
d ---------------------22(3P2 +Q2)
2

Next we wrote a simple computer program in Quick BASIC to evaluate

df .It was

a simple matter to enter R 1 , R 2 , and R 3 and then to compute A 1, A 2 , A 3, P,

R from Equations 4 and 7. We evaluated

di (-) by taking the

11

11
-

d1

R1

R2

R3

3

4

5

3.388521

4

7

8

6.083282

5

6

9

5.690160

7

9

10

6.816284

8

11

14

9.573575

Q, and

sign of the 11

±

11

di (-) turned out to be negative, it was rejected; and we computed di (+)
for the "+" sign. We took the positive square root of di (+) to obtain d Our
combination. If

2•

program then turned to Equation 3 .1 to find d3•
Rewriting Equation 3.1 as
As a last calculation, we return to Eq
Fermat point in the right triangle with .e

a 1 = 0.173947, a 2 = 0.250392, and a 3
we noted that

d'ff; - R~ < 0 . We were immediately able to conclude that

= ~df +4(l~ -di) -d2

d3

_ c . __ _ _ _ _ _ _

> 0.

2
We then substituted our values for d2 and d3 into Equation 3 .4 to obtain d 1•

If

df (-)

was positive, we then had to decide between

d2 (-) and d2 ( +) for

the correct value of d2_To do this, we used d 2 (-) to find possible values of d3 and

d 1• We then checked d 2 (-)

,

ANINE(
In the course of our computations, wi
obvious to us when we first wrote Equatio
triangles whether isosceles or scalene. In t
Adding the three equations to which v
2

2

3

d2

R1 +R2+.€3 =2 1 +2

d22 +

Dividing both sides above by 2, we obtain

d3 and d 1 in the three triangle inequalities

d 2 ( - ) + d3 > R 1 , d 1 + d3 > R 2 , and d 1 + d 2 ( - ) > R 3 .
If all three inequalities were satisfied, then we had found di, d2, and d3•
If all three inequalities were not satisfied, we substituted

di (+) for di (-) and

repeated the calculations to find the correct values of d 1, d2, and d3•
In Table 1, we display the results of five runs of our program. Each triple di, d2,
and d3 . may be shown to satisfy Equations 3.1, 3.2, and 3.3.

Since d 1, d2 ,and d3 are positive, we may c
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TABLE 1 Five Solutions for d I, d'2, and d'3·
f1

was

f2

f3

d1

d2

d3

3

4

5

3.388521

2.354003

1.023908

4

7

8

6.083282

2.978962

1.567617

5

6

9

5.690160

4.685959

5.778656

7

9

10

6.816284

4.663640

3.385508

8

11

14

9.573575

6.494169

2.44232

and

'±"
(+)
Our

As a last calculation, we return to Equation 2 for the convex coordinates of the
Fermat point in the right triangle with f 1 = 3, f 4 = 4, f 3 = 5. We find that

a 1= 0.173947, a 2 = 0.250392, and a 3 = 0.575661.
AN INEQUALITY
In the course of our computations, we discovered an inequality which was not
obvious to us when we first wrote Equations 3.1, 3.2, and 3.3 which hold true for all
triangles whether isosceles or scalene. In this section, we shall derive that inequality.
Adding the three equations to which we have just referred, we see that

for
nd

Dividing both sides above by 2, we obtain

ti+ f~ +

2

£3

=

(d1 +d2 +d3)2
nd

d2
I

+

d2
2

+

d2
3

d1d2

d2d3

d1d3

+-2-+-2-+-2-=

-½ (d1d2 +d2d3 +d1d3).

Since di, d 2 ,and d 3 are positive, we may conclude that
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We may also write that

To determine these critical coordinates,

d/ = (x - xi) 2 + (y- y
2di Vdi = 2( x - Xi )x + 2(y - yJv

Since

y-directions, respectively. Therefore

l + d2 +d32 + 2d1d 2 +2d2 d 3 +2d1d 3
> d2
2

( xVdt. = -·

= (dI +d2 +d3 ) 2 .
and

Therefore,

jvd; I= I .

vertex
(9)

Thus each gradient V

V: toward point P. Denoting thest

g(x,y) as

Vg(x,

y) = i

Taken together, inequalities 8 and 9 imply that

We also note that the discontinuities of
Since the sum of the three unit vectors
between each two of these unit vectors 1
The point P of the interior of /:,,. Vi Vi

THE STEINER PROBLEM
By solution of the Steiner problem, we mean a demonstration that each of the
angles, ViFV2, V2FV3, and V?Vi (see Figure 5) has measure 120°. Posamentier gives
an elegant geometrical argument that, if and only if d 1 + d2 + d3 is a minimum, then
the three angles around point Fare congruent. The drawback to such a proof is that
it is unlikely that even a very good mathematician who does not teach Euclidean
geometry would know how to start on his own. Therefore, we shall sketch Strang's
solution in which an exercise of ingenuity is nol required at the start but is postponed
until later. Posamentier presents the result as one of a sequence of theorems and does
not associate Steiner's name with it.
Let the Cartesian coordinates of Vi , V2, V3 be (xi, y 1) , (x2, y 2), (x 3, y 3) , respectively,
and let those of point Pin the interior of !:,,.Vi V2V3 be (x, y). The distance from P to
Vi is

for i = I , 2, 3. We seek the point P having coordinates which minimize

which we have been concerned all alon
is necessary if d1 + d2 + d3 is to be a min
gradient of g(x, y) is the zero vector at .i

stationary point for g(x, y). Since the g
clear that d 1 + d2 + d 3 takes its least va
higher partial derivatives of g(x, y) wl
argument. Strang also fails to test then
If one of the angles of /:,,. Vi Vi V3 is p(
the largest angle is the point of the clos
a minimum. (Recall that 'vg(x, y) does

J

A PHYSICAL SOLUTIO
Let us draw or imagine drawing a 1
plane surface of a plyboard lamina. Ttl
of interest in our work. That is, each at
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To detennine these critical coordinates, we let v'g(x, y) = v' d1 + v' d2 + v' d3 = 0 .

d/ = (x - X;) 2 + (y - Y;) 2 ,

Si n c e

2d/:; di

=

2(x- x;}x + 2(y- yJv

we

where

may

x,y

write

that

are unit vectors in the x,

y-directions, respectively. Therefore

(x-x;)x+(y- y;).y

v'd. =-'---'--~-~
1

and IVd;

I= I.

d;

Thus each gradient v' di, i = 1, 2, 3, is a unit vector directed from

vertex ~ toward point P. Denoting these unit vectors by
g(x,y) as

U; , we write the gradient of

We also note that the discontinuities of the gradient occur at vertices Vi, V2, and V3_
Since the sum of the three unit vectors is the zero vector, it follows that the angle
between each two of these unit vectors must be 120°.
The point P of the interior of !::,,. Vi V2V3 is precisely F, the equiangular point with
which we have been concerned all along. The condition that v'g(x, y) = 0 at P = F
is necessary if d1 + d2 + d3 is to be a minimum value, but it is not sufficient. That the
gradient of g(x, y) is the zero vector at P = F implies only that we have found a
stationary point for g(x, y). Since the geometry presented by Posamentier makes it
clear that d1 + d2 + d3 takes its .least value at F, we dispense with the tests with the
higher partial derivatives of g(x, y) which may be employed to complete Strang's
argument. Strang also fails to test the minimum.
If one of the angles of !::,,. Vi V2Vi is permitted to equal or exceed 120° the vertex of
the largest angle is the point of the closed triangular region for which d1 + d2 + d3 is
a minimum. (Recall that v'g(x, y) does not exist at the vertices.)
A PHYSICAL SOLUTION OF STEINER'S PROBLEM
Let us draw or imagine drawing a triangle of convenient size upon the smooth
plane surface of a plyboard lamina. Tthe triangle will represent the general triangle
of interest in our work. That is, each angle of the triangle should be less than 120°.
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than before the knot was moved.
We may conclude that the equiangular
problem.
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FIGURE 6. The Physical Interpretation of the Steiner Problem.

Then we need to drill a small hole through the lamina at each vertex.
Next, we take three strings and tie their ends together (one end from each string)
in a single knot. We then thread the free ends of the strings through the three holes
(one string through each hole). We obtain three masses of equal weight and attach
one to the free end of each string (Figure 6).
If we tum the lamina so that the smooth surface and triangle are upward and
horizontal, the system of weights will find its equilibrium configuration with the knot
at the equiangular point of the triangle.
The reason is that the tension in each string is equal to the weight that it supports.
Since the weights are the same, the three tensions are equal in magnitude. Since the
vector sum of the tensions at the knot must be O under equilibrium conditions, the
angles between the strings must be 120°. (The reasoning is precisely the same as that
which justified Vg( x,

y) = 111 + 112 + u3 = 0 in the preceding section. Of course,

we have ignored any frictional effects exerted on the strings as they pass through their
holes. We have already assumed the surface of the lamina to be smooth.)
Now, displace the knot horizontally. When the system was in equilibrium with the
knot at the equiangular point of the triangle, the value of the gravitational potential
energy of the system was minimum, subject to the geometrical constraints of the
lengths of the strings. Moving the knot must increase the gravitational potential
energy of the system. Thus the center of mass of the three weights below the lamina
must rise. When that occurs, the total length of string below the lamina must have
been shortened. Since our strings do not stretch, the new position of the knot requires
that there now be a greater total length of string from the knot to the three vertices
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than before the knot was moved.
We may conclude that the equiangular point is the point which solves the Steiner
problem.
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